A generalized p-cycle is a digraph whose set of vertices is partitioned in p parts that can bc ordered in such a way that a vertex is adjacent only to vertices in the next part. The families of BGC (p,d,d') and KGC (p,d,d "~ + d') are the largest known p-cycles for their degree and diameter.
Introduction
Interconnection networks are usually modeled by graphs. The switching elements or processors are represented by the vertices. The communication links are represented by edges (if they are bidirectional) or arcs (if they are unidirectional). Some concepts in Graph Theory appear to be specially useful in order to analyze the efficiency and the reliability of an interconnection network modeled by a graph. For instance, the diameter is a measure of the transmission delay and the connectivity and the fault-diameter are related to the fault tolerance of the network.
Some other parameters, such as the s-wide-distance and the s-wide-diameter [9 11,15] , have been considered in relation to the existence of a number of dis-* Coixesponding author. E-mail: matdfc,matcpl(?~mat.upc.es.
0012-365X/99/$ see front matter @ 1999 Elsevier Science B.V. All rights reserved Pll: $0012-365X(98) joint paths of bounded length between the vertices of the graph. The s-wide-diameter is closely related to the s-fault-diameter. In some cases, these two parameters have the same value and, in general, the s-wide-diameter is an upper bound for the s-fault-diameter. The definitions of these concepts are given in Section 2.
The existence of disjoint paths of bounded length in de Bruijn and Kautz digraphs have been studied in [3, 14] . As a conclusion, its s-wide-diameter and s-fault-diameter appear to be almost optimal. These parameters were studied in [17] for the bipartite digraphs BD(d, dD-3+ d D-l ) with similar results. These families of digraphs were proposed as solutions to the (d, D)-digraph problem, which consists in finding digraphs with order as large as possible for fixed values of the maximum out-degree d and the diameter D. Actually, de Bruijn and Kautz digraphs are the best-known general solutions to this problem and the digraphs BD(d, d D-3 +d D-l ) [5] are the largest known bipartite digraphs for general values of the degree d and the diameter D. All these digraphs are iterated line digraphs [5, 6] . Actually, the disjoint paths of bounded length between the vertices are constructed using this fact. Besides, iterated line digraphs have in general very good properties in relation to the connectivity and the fault-diameter [4, 16] .
A generalized p-cycle is a digraph whose set of vertices is partitioned in p parts that can be cyclically ordered in such a way that any vertex is adjacent only to vertices in the next part.
In this paper, we study the s-wide-diameter and the s-fault-diameter of two families of generalized cycles that have been recently introduced in [8] In the next section we present the most relevant definitions and the notation we are going to use in the following. In Section 3, we will calculate a lower bound for the sfault-diameter of a generalized p-cycle. In Sections 4 and 5, we determine the s-widediameter and the s-fault-diameter of the generalized cycles BGC (p,d,d D-p+I) and KGC (p,d,d D-p+1 + dD-2p+I) . To do this, we prove that there exist in these digraphs d disjoint paths with length at most D + 2 between any pair of different vertices. The s-fault-diameter of these digraphs exceed the above mentioned lower bound in at most one unit. These results generalize the previous results about the s-wide-diameter and the s-fault-diameter of the de Bruijn and Kautz digraphs and the bipartite digraphs
Definitions and notation
We are concemed only in directed graphs, called digraphs for short. See [2] for the definitions of the concepts about digraphs that are not defined here.
We define next two parameters, the wide-diameter and the fault-diameter, related to the vulnerability of the network. These parameters and the notation we use here were first introduced in [9, 10] The (s We recall here the definition and some properties of line digraphs. See, for example, [6] for proofs and more information.
In the line digraph LG of a digraph G each vertex represents an arc of G, that is, V(LG)= {uv [(u,v) cA(G)}. A vertex uv is adjacent to a vertex wz if v=w, that is, whenever the arc (u,v) of G is adjacent to the arc (w,z). The maximum and minimum out-and in-degrees of LG are equal to those of G. Therefore, if G is d-regular with order n, then LG is d-regular and has order dn. Besides, if G is a strongly connected digraph different from a directed cycle, the diameter of LG is the diameter of G plus one.
The iteration of the line digraph operation is a good method to obtain large digraphs with fixed degree and diameter. [8] . We define next these digraphs and present some basic properties. See [8] for proofs and more information.
A generalized p-cycle is a digraph G such that its set of vertices can be partitioned in p parts, V(G)= U~cz,, ~ in such a way that the vertices in the partite set G are only adjacent to vertices in G+l, where the sum is in Z n. Observe that, for instance, a bipartite digraph is a generalized 2-cycle.
The conjunction of a directed cycle of length p with a digraph G=(V,A), Cp ® G, has set of vertices Zp x V and a vertex (~,x) is adjacent to the vertices (~ + 1,y) for any y adjacent from x in the digraph G. Observe that Cp ® G is a generalized p-cycle for any digraph G. The line digraph of Cp ® G is isomorphic to Cp ® LG. It is not difficult to see that the mapping (c~,x)(c~ + 1, y)~ (~ + 1,xy) defines a digraph isomorphism between L(C, ® G) and C n ®LG [8] . 
Bounds on the fault-diameters of generalized cycles

If G is a digraph with D~.(G)
Therefore, if G is a generalized p-cycle with maximum out-degree d and order n, then, D~(G) >~ min0o-~p 1#~9 = (~. We have found a lower bound for the (s -1)-vertexfault-diameter. 
If G is a digraph with D~(G)= D ~, there must exist at least s + 1 paths of length at most D ~ between any pair of different vertices. Reasoning in the same way as in the vertex case, we can obtain a lower bound for the (s -1 -arc-fault-diameter of a generalized cycle. 
Since d,(G) >~ D,(G) and d~(G) >~ D~,.(G), the bounds obtained arc also bounds lbr
the s-wide-diameter.
Fault-diameters of BGC(p, d, d k+l)
The values of the vertex-fault-diameter and the arc-fault-diameter of the generalized First of all, we present these containers in the smallest digraph in this family: the Proof. We can suppose that x is in the partite set V0 = {0} x Za and that y E Vh = {h} Observe that h +j ~< p. We consider the equivalence relation digraph [14] given by this equality. The arcs of the equivalence relation digraph join a symbol appearing in the first sequence with the symbol that appears in the same place in the second sequence. In this digraph, the vertices x,. have in-degree and out-degree equal to one, ¢¢~h e/ have in-degree 0 and out-degree 1 and c~+/ have in-degree 1 and out-degree 0.
Then, there exists in the equivalence relation digraph a path from ei~+/ to e~+/. That means that ~i~+i = ~,+/, a contradiction.
If p-h+ 1 <~ j <i <~ k, we consider j0 such that J0 =j-i (modp) and 0 ~< j0 ~< P-1. From the equality q,,j =qt, i, we take the subsequences formed by the vertices in the partite set Vp of Cp 0 K~: • d~/(G):D~/(G)=p+k+2=D42 (fk>~p 1.
•
Proof. It is obvious from Propositions 3.1 and 3.2 and Theorem 4. [5] . If p = 1, we obtain the Kautz digraphs.
We are going to proceed in the same way as in Section 4. First, we find the disjoint paths between vertices in the digraph KGC(p,d,d p + 1) , which is the smallest digraph in this family. Next, we construct disjoint paths of bounded length between any pair of adjacent vertices of KGC(p,d, dP+k+ dk) . Finally, taking into account that these digraphs are iterated line digraphs, we prove the existence of disjoint paths between any pair of different vertices.
We recall now some properties of the generalized cycle Proof. We can suppose that xE V0 and yE Vi. As we have seen in the proof of Proposition 5. l, there are exactly d paths, which are disjoint, of length at most p + 1 from x to y. 
